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Simulation of Electromagnetic Scattering
of 3-D Inhomogeneous Biaxial Anisotropic

Magnetodielectric Objects Embedded in Uniaxial
Anisotropic Media by the Mixed-Order

BCGS-FFT Method
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Abstract— This paper presents a volume integral equa-
tion (VIE) solver for the forward electromagnetic scattering
of 3-D inhomogeneous biaxial anisotropic objects embedded in
uniaxial anisotropic media. The optical axes of the objects can be
rotated with arbitrary angles. The mixed-order basis functions
are employed to discretize the VIE, i.e., the flux densities (D, B)
are expanded by the volumetric rooftop basis functions and
the vector potentials (A, F) are expanded by the second-order
curl conforming basis functions. The weak form of the VIE is
formulated by testing it using the same volumetric rooftop basis
function and solved by the biconjugate gradient stabilized fast
Fourier transform (BCGS-FFT) method. Several numerical simu-
lations of different shapes anisotropic objects are performed and
the results are compared with commercial software simulations
to validate the accuracy and efficiency of the proposed solver
based on different discretization schemes. The major new con-
tribution of this paper is that not only the scatterer but also the
background medium is magnetodielectrically anisotropic. There-
fore, the dyadic Green’s function for the uniaxial anisotropic
background medium is evaluated before solving the VIE.

Index Terms— Anisotropic, biconjugate gradient stabilized fast
Fourier transform (BCGS-FFT), coupled field volume integral
equation (CFVIE), electromagnetic (EM) scattering.

I. INTRODUCTION

IN RECENT years, the applications of anisotropic materials
have greatly attracted the researchers’ interests due to their

wide usage for microwaves devices, optical components [1],
[2], and aeronautic industry. There are several conventional
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anisotropic materials. Ferrite is used in microwave devices,
such as Faraday rotators, phase shifters, gyrators, and circu-
lators [3]. Liquid crystals are used to design tunable band-
pass filters [4], phase shifters [5], and the substrates of
the microstrip antennas [6]–[8]. Composite materials based
on fibers that display pronounced anisotropy are adopted in
aeronautic industry [9]. On the other hand, various novel
materials, such as metamaterials [10], [11], nanomaterials [12],
and graphene materials [13], also show rapid developments
and wide applications.

Since the anisotropic material is widely applied to elec-
tromagnetic (EM) devices, its interaction with EM waves,
especially the 3-D EM scattering [14]–[16], is of the great
concern of researchers. Actually, since the Lorentz–Mie theory
that gives the analytical solution of the EM scattering by
a uniform anisotropic dielectric sphere [17]–[19], a lot of
research work has been done to solve the scattering prob-
lems using both analytical and numerical methods [20]–[26].
Geng et al. [21] obtain the analytical solution of the 3-D
scattering of a plane wave from a uniaxial anisotropic
sphere. Dou and Sebak [25] present a generalized 3-D finite-
difference time-domain (FDTD) method to model the inter-
action between EM waves and arbitrary anisotropic media.
Cai et al. [26] present a linear edge-based finite element
method (FEM) for numerical modeling of 3-D controlled-
source EM data in an anisotropic conductive medium.
Different from FDTD and FEM methods, the integral equation
(IE)-based methods [27]–[31] only require the finite compu-
tation domain that contains the scatterers to be discretized
since Green’s function can exactly model the wave propagation
from transmitters to scatterers. In the traditional IE-based
methods, the method of moment (MOM) [32] is adopted to
handle the scattering problems for 3-D anisotropic objects.
However, the MOM requires a mass of computation time and
memory, especially for electrically large scatterers. Therefore,
several fast IE solvers are proposed, such as the multilevel
fast multipole algorithm [31], [33], the adaptive integral
method [34], the precorrected fast Fourier transform (FFT)
method [35], the conjugate gradient fast Fourier transformation
method, and the biconjugate gradient FFT method [36]. The
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biconjugate gradient stabilized with FFT acceleration (BCGS-
FFT) is another commonly used iteration method to solve the
large linear systems discretized from the volume IE (VIE)
[37]–[40]. Millard and Liu [37] apply the BCGS-FFT method
to simulate EM scattering from large inhomogeneous objects
embedded in a planarly layered medium. Later, Yu et al. [38]
present a mixed-order BCGS-FFT method for solving the
scattering problem of magnetodielectric objects embedded in
the isotropic homogeneous background media. Jia et al. [40]
further extend this paper to the scattering of magnetodielectric
objects with general anisotropy in layered isotropic media.

However, in most of the previous work, the scatterers are
embedded in an isotropic medium. In this paper, we consider
the anisotropy of the background medium and apply the
BCGS-FFT to the 3-D scattering problem for inhomogeneous
biaxial anisotropic scatterers with arbitrary shapes embedded
in an unbounded uniaxial anisotropic medium. Both the scat-
terers and the background media have tensor permeability and
complex tensor permittivity, and they can be magnetodielectric
media with the magnetic contrasts. In addition, mixed-order
basis functions of different types are used to expand the flux
densities and the vector potentials, i.e., the first-order 3-D
volumetric rooftop basis function is used to expand the flux
densities, and the second-order curl conforming basis function
is used to expand the vector potentials. This paper is an
extension of [39], in which the mixed-order basis function
and BCGS-FFT method are used to solve the EM scattering
problem for anisotropic scatterers embedded in an isotropic
medium. In the previous research work dealing with the
EM scattering in layered uniaxial media [41], discretized
electrical field IE is formulated and several methods, such
as the windowing technique and the Padua points, are used
to expedite the construction of the impedance matrix. In this
paper, we use the mixed-order BCGS-FFT method without
the assembly of the impedance matrix to solve the EM
scattering of biaxial anisotropic objects embedded in a uni-
axial anisotropic background medium. Meanwhile, the optical
axis of the scatterer can be rotated with an arbitrary angle.
The magnetic and electric vector potentials are employed to
formulate the coupled field VIEs (CFVIEs) to weaken the
singularity of Green’s function in the uniaxial anisotropic
media. This method is expected to be very useful and helpful
especially for the material engineering, geological prospecting,
and biological electromagnetism. Although the whole space
is modeled as homogeneous anisotropic in this paper, it may
help us understand the EM scattering inside anisotropic media
that can be expanded to EM scattering in layered anisotropic
media in the future. One possible application of the anisotropic
whole space is the detection of objects buried in anisotropic
subsurface layers with conductivity attenuation. If the object is
far from the layer interfaces, the reflected waves from the inter-
faces are attenuated by the lossy subsurface medium or they
can be time-windowed out, so their effects on the object
are negligible. In this situation, it is reasonable to model
the subsurface layer as anisotropic whole space to compute
the EM scattering. This paper can also provide a reference
for the research of scattering problems for more complex
anisotropic backgrounds.

The layout of this paper is as follows. In Section II,
the CFVIE for anisotropic scatterers embedded in an
anisotropic background medium is given and its weak form
is obtained by the mixed-order basis function expansion and
volumetric rooftop function testing. In Section III, four numer-
ical examples for EM scattering by inhomogeneous anisotropic
objects with different shapes are shown to validate the accu-
racy and performance of our method. And in Section IV,
conclusions are drawn and some critical achievements of this
paper are discussed.

II. FORMULATION

The objective of this paper is to solve the scattering
problem of inhomogeneous biaxial anisotropic magnetodielec-
tric objects embedded in an unbounded uniaxial anisotropic
background medium with the optic axis in the z-direction.
The time dependence e jωt is used throughout this paper. The
permeability tensor μb and the complex permittivity tensor εb

of the background medium are

μb =
⎡
⎣

μxb 0 0
0 μxb 0
0 0 μzb

⎤
⎦ εb =

⎡
⎣

εxb 0 0
0 εxb 0
0 0 εzb

⎤
⎦ (1)

where εb is defined as

εb = εb + σ b

jω
. (2)

The parameter εb is the dielectric constant tensor and σ b is
the conductivity tensor. They can be written as

εb =
⎡
⎣

εxb 0 0
0 εxb 0
0 0 εzb

⎤
⎦ σ b =

⎡
⎣

σxb 0 0
0 σxb 0
0 0 σzb

⎤
⎦. (3)

And the permeability tensor μs and the complex permittivity
tensor εs of the scatterers are assumed to be

μs =
⎡
⎣

μxs 0 0
0 μys 0
0 0 μzs

⎤
⎦ εs =

⎡
⎣

εxs 0 0
0 εys 0
0 0 εzs

⎤
⎦ (4)

where εs contains information about the dielectric constant
tensor εs and conductivity tensor σ s .

A. Coupled Field Volume Integral Equations

According to the volume equivalence principle [42],
the electric field Es and magnetic fields Hs scattered form
the objects are equal to the fields radiated by the equivalent
electric current source Jeq and the magnetic current source
Meq inside the anisotropic objects. They can be expressed as

Jeq(r) = jωχε(r)D(r) (5)

Meq(r) = jωχμ(r)B(r) (6)

where the tensor

χε(r) = [ε(r) − εb]ε−1
(r) (7)

is the dielectric contrast function, and the tensor

χμ(r) = [μ(r) − μb]μ−1
(r) (8)
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is the magnetic contrast function. μ(r) and ε(r) are perme-
ability tensor and complex permittivity tensor at any point r
in the whole space. When r is located inside the scatterer,
μ(r) and ε(r) are equal to the dielectric parameters of the
scatterer but equal to the background dielectric parameters if
r is located outside the scatterer. D = εE and B = μH are
the total electric and magnetic flux densities, respectively. It is
easy to formulate CFVIE as

Ei (r) = ε
−1

(r)D(r) + jω

[
I+ ∇∇ · εb

ω2τε

]
A(r) + ε

−1
b ∇×F(r)

(9)

Hi (r) = μ
−1

(r)B(r)+ jω

[
I+ ∇∇ · μb

ω2τμ

]
F(r)−μ

−1
b ∇×A(r)

(10)

where τε = μzbε
2
zb and τμ = μ2

zbεzb are the gauges for the
anisotropic media suggested by Chew [43], and the magnetic
and electric vector potentials A and F are given as

A(r) = jω
∫

V
GAJ(r, r′)χε(r

′)D(r′)dr′ (11)

F(r) = jω
∫

V
GFM(r, r′)χμ(r′)B(r′)dr′ (12)

where GAJ(r, r′) and GFM(r, r′) are the dyadic Green’s func-
tion (DGF) of the electric vector potential A (DGFA) and
the DGF of the electric vector potential F (DGFF) for the
background medium. r is the observation (field) point and
r′ is the source point. As unknowns of (9) and (10), D and
B are solved by the BCGS-FFT method to obtain the fields
anywhere in the whole space. Therefore, in virtue of (5) and
(6), the scattered electric and magnetic field at any point r can
obtained as

Es(r) =
∫

V
GEJ(r, r′)Jeq(r′)dr′ +

∫
V

GEM(r, r′)Meq(r′)dr′

(13)

Hs(r) =
∫

V
GHM(r, r′)Meq(r′)dr′ +

∫
V

GHJ(r, r′)Jeq(r′)dr′

(14)

where GEJ(r, r′) and GHJ(r, r′) are DGFs relating the electric
current J at the source point r′ to the electric and magnetic
field at the field point r, respectively. The detailed derivations
of GEJ and GHJ in uniaxial anisotropic media can be found
in [44] and are also summarized briefly in Appendix A.
Similarly, GEM(r, r′) and GHM(r, r′) are DGFs relating the
magnetic current M at the source point r′ to the electric
and magnetic field at the field point r, respectively, and their
expressions can be obtained from GHJ(r, r′) and GEJ(r, r′)
by the duality theory.

B. Dyadic Green’s Functions of the Vector Potentials in
Uniaxial Anisotropic Media

The magnetic vector potential A is related to the equiva-
lent current density through Green’s function, i.e., the scalar
Green’s function for the homogeneous media and the DGF for

the layered media or the anisotropic media. The DGFs of the
vector potential are the kernel of MOM for solving the VIEs.
Although, in [44], the analytic expressions of the GEJ and
GHJ are given, it is difficult to obtain the analytic expressions
for GAJ and GFM following the similar procedure. Therefore,
we use the method of wave decomposition in the spectral
domain to evaluate GAJ and GFM through the Sommerfeld
integration [45].

When the observation (field) point r = x̂x + ŷy + ẑz and
the source point r′ = x̂x ′ + ŷy ′ + ẑz′ are located in different
positions, the computation of DGFA in the uniaxial anisotropic
medium [45] is shown as

GAJ(r, r′) = 1

(2π)3

∫∫∫ +∞

−∞
Z

a

A

|Z A|
e− jk·(r−r′)dk (15)

where the subscript J means that the DGFA is corresponding

to the electric current Jeq. k is the wave vector and Z
a

A is

the adjoint matrix of Z A whose determinant is |Z A|. Z A is
the electric wave matrix about (kx, ky, kz), whose derivation
and the complete expression are given in [45]. Based on
Cauchy’s residue theorem and several mathematical identities,
(15) is finally simplified to the Sommerfeld integrals, and the
derivation details can be found in [45].

However, when the discretized CFVIE is solved, we need
to compute the contribution of the equivalent current to the
values of A at all the discretized cells. Equation (15) is
used to compute the DGFAs when the cell in which the
equivalent current locates differs from the cell in which A
is evaluated, i.e., when r′ and r are not overlapped. But when
the two cells are the same, i.e., r′ and r are overlapped,
(15) cannot be directly used to evaluate the DGFA due to
the singularity. In an isotropic background medium, the mean
DGFA is evaluated analytically to handle this singularity [34].
However, in anisotropic media, there is no explicit expression
for the mean DGFA. The numerical average value is used. It is
assumed that observation point r is located in the center of
the cell, and we uniformly discretize it to several smaller cells
and put the equivalent current source points r′ in the centers
of these smaller cells. The DGFA for each source point is
evaluated using (15), and the final average value of the DGFAs
for all the smaller cells is the mean DGFA.

According to the duality theory, it is easy to obtain the
DGFF that is corresponding to the equivalent magnetic current.

C. Discretization of Mixed-Order Expansions

Discretization is the essential process for solving (9) and
(10) by the BCGS-FFT method. From (11) and (12), we know
that the unknowns of the vector potentials (A and F) depend
on the unknowns of the flux densities (D and B). Thus,
the flux densities (D and B) are the only couple independent
unknowns. Although expanding flux densities could satisfy the
needs of solving (9) and (10), the previous work [38], [39]
suggests that expanding vector potentials can help weakening
the singularities of the IEs. Therefore, in this paper, the first-
order 3-D volumetric rooftop basis function is used to expand
the flux densities, and the second-order curl conforming basis
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function is used to expand vector potentials (A and F) to
preserve the continuity of these physical variables in the
boundaries.

Several shapes of cell elements can be used to dis-
cretize the computation domain. However, the interaction
between equivalent sources and DGFs is actually the oper-
ation of convolution [38]. Therefore, in this paper, cubic
cells are adopted to facilitate the FFT acceleration of the
convolution.

All scatterers are completely embedded in a rectangular
computation domain D that is discretized into I1 × I2 × I3
uniform cubic cells with the dimension of �x . Let i1 ∈ [1, I1],
i2 ∈ [1, I2], i3 ∈ [1, I3], and the center location ri of any cell
i = {i1, i2, i3} is given by

ri =
3∑

q=1

x̂q

(
iq − 1

2

)
�x (16)

where {x̂1, x̂2, x̂3} = {x̂, ŷ, ẑ}. If a cell is small enough,
the permittivity tensor εi and permeability tensor μi are
considered as constants with the values depending on the
center location ri.

In this paper, the flux densities (D and B) are expanded by
the 3-D volumetric rooftop basis functions. And the expan-
sions are given as

D(q)(r) =
∑

i

d(q)
i 	

(q)
i (r) (17)

B(q)(r) =
∑

i

b(q)
i 	

(q)
i (r) (18)

where d(q)
i and b(q)

i are the expansion coefficients for D(q) and
B(q), and q ∈ {1, 2, 3}. The detailed expression of the basis
function 	

(q)
i (r) can be found in [39].

Because of the continuity boundary conditions of the vec-
tor potentials and existence of the curl operation in (9)
and (10) [38], [39], the 3-D second-order curl conforming
basis function 


(q)
i;m(ri) is selected to expand the magnetic and

electric vector potentials A and F

A(q)(r) =
∑

i

∑
m

a(q)
i;m


(q)
i;m(r) (19)

F(q)(r) =
∑

i

∑
m

f (q)
i;m


(q)
i;m(r) (20)

where a(q)
i;m and f (q)

i;m are the expansion coefficients for A(q)

and F(q), and q ∈ {1, 2, 3}. m is the node point index of
curl conforming basis functions within one cell, and the node
location is given by

r(q)
i;m = ri + x̂q(−1)mq

�xq

2
+

2∑
n=1

x̂q+n
mq+n − 2

2
�xq+n

(21)

where m = {m1, m2, m3}, m1 = {1, 2}, and m2,3 = {1, 2, 3}.
More details of the 3-D second-order curl conforming basis
function are presented in [38] and [39].

According to (11) and (12), a(q)
i;m and f (q)

i;m are formulated
as

a(q)
i;m = jω

∑
K

3∑
s=1

ga,qs
(
r(q)

i;m, r(q)
K

) 3∑
l=1

χ ′
ε,sl

(
r(q)

K

)
d(l)

K (22)

f (q)
i;m = jω

∑
K

3∑
s=1

g f,qs
(
r(q)

i;m, r(q)
K

) 3∑
l=1

χ ′
μ,sl

(
r(q)

K

)
b(l)

K (23)

where K = {k1, k2, k3}, k1 ∈ [1, I1 + 1], k2 ∈ [1, I2 + 1], and
k3 ∈ [1, I3 + 1], and q , s, l = {1, 2, 3}. r(q)

K is the location
of equivalent source point for each cell. ga,qs and g f,qs are
the qs component of DGFA and DGFF, respectively. They are
evaluated according to (15) when r(q)

i;m �= r(q)
K , but the mean

DGFs are used when r(q)
i;m = r(q)

K . χ ′
ε,sl and χ ′

μ,sl are the sl
components of the discrete contrast function that is defined
as

χ
′
η

(
r(q)

K

) = χη(rK − x̂q�xq) + χη(rK)

2
(24)

where η = ε or μ. In this paper, FFT is used to accelerate the
convolution in (22) and (23).

D. Weak Form CFVIE

Using the 3-D volumetric rooftop basis functions 	
(p)
i (r)

to test the strong form CFVIE in (9) and (10), we can obtain
the weak form CFVIE

einc,(p)
i =

∫
V

	
(p)
i (r) · ε

−1
(r)D(r)dr

+ jω
∫

V
	

(p)
i (r) ·

[
I + ∇∇ · εb

ω2τε

]
A(r)dr

+ ε
−1
b

∫
V

	
(p)
i (r) · ∇ × F(r)dr (25)

hinc,(p)
i =

∫
V

	
(p)
i (r) · μ

−1
(r)B(r)dr

+ jω
∫

V
	

(p)
i (r) ·

[
I + ∇∇ · μb

ω2τμ

]
F(r)dr

− μ
−1
b

∫
V

	
(p)
i (r) · ∇ × A(r)dr (26)

where p = {1, 2, 3}, and

einc,(p)
i =

∫
V

	
(p)
i (r) · E(r)dr (27)

hinc,(p)
i =

∫
V

	
(p)
i (r) · H(r)dr. (28)

Substituting (17)–(23) into (25) and (26), we obtain the
weak form CFIVE

einc,(p)
i

=
p+2∑
q=p

3∑
l=1

S(q)

ε,q,i
d(q)

i−x̂ p(2−l) + jω
�V

8

×
2∑

Z=1

∑
m

{
a(p)

i−x̂ p(2−Z);m
1 + δmq ,(3−Z)

3

×V (mq+1)V (mq+2)− 2

kbz�x p

∑
q

εqb

εzb

(−1)z+1

�xq
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× (−1)mq a(p)
i−x̂ p(2−Z);mV (mq+1)V (mq+2)

+ 1

jωεpb

[
2

�x p+1
f (p+2)
i−x̂ p(2−Z);mT (m p, Z)

×R(m p+1)− 2

�x p+2
f (p+1)
i−x̂ p(2−Z);m

×T (m p, Z)R(m p+2)

]}
(29)

hinc,(p)
i

=
p+2∑
q=p

3∑
l=1

S(q)

μ,q,i
d(q)

i−x̂ p(2−l) + jω
�V

8

×
2∑

Z=1

∑
m

{
f (p)
i−x̂ p(2−Z);m

1 + δmq ,(3−Z)

3

× V (mq+1)V (mq+2) − 2

kbz�x p

×
∑

q

μqb

μzb

(−1)z+1

�xq

× (−1)mq f (p)
i−x̂ p(2−Z);mV (mq+1)V (mq+2)

− 1

jωμpb

[
2

�x p+1
a(p+2)

i−x̂ p(2−Z);m

×T (m p, Z)R(m p+1− 2

�x p+2

×a(p+1)
i−x̂ p(2−Z);mT (mp, Z)R(mp+2)

]}

(30)

where kzb = (ω2εzbμzb)
1/2, p = {1, 2, 3}

V =
{

1

3

4

3

1

3

}
(31)

R = {−1 0 1} (32)

T =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0
1

3
2

3

2

3
1

3
0

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

. (33)

And p and q are the cyclic indexes with the period of 3. When
q = p

S(q)
η,i = �V

6

⎧⎪⎨
⎪⎩

η−1
i−x̂ p,pp

2η−1
i−x̂ p,pp + 2η−1

i,pp

η−1
i,pp

⎫⎪⎬
⎪⎭

(34)

where η−1
i,pp is pp component of the inverse matrix η, η =

ε or μ. When q = p + 1 or q = p + 2

S(q)
η,i = �V

4

⎧⎪⎨
⎪⎩

η−1
i−x̂ p,pq

η−1
i,pq
0

⎫⎪⎬
⎪⎭

. (35)

In (29) and (30), the unknown coefficients d(p)
i and b(p)

i are
solved by the BCGS iteration. In each iteration, the coefficients

a(p)
i;m and f (p)

i;m are computed by the convolution between

d(p)
i and b(p)

i and DGFA and DGFF, respectively, which are
actually accelerated by FFT.

III. NUMERICAL RESULTS

It is easy to find that the aforementioned formulation is suit-
able for arbitrary 3-D anisotropic magnetodielectric objects.
In addition, an arbitrary 3-D shape can be assembled from
a variety of canonical 3-D shapes, such as cube, cylinder,
and sphere. In fact, this is the way the available commercial
software currently works. Therefore, in this section, we design
there canonical 3-D shapes to validate the method shown in
Section II, and the BCGS-FFT results are compared with
the simulation results from the commercial FEM software
COMSOL. For convenience, several basic parameters are set
the same, and they are no longer repeated for each case.
The background parameters shown in (1) and (3) are set as
μxb = μ0, μzb = 2μ0, εxb = ε0, εzb = 2ε0, σxb = 10−3

S/m, and σzb = 2 × 10−3 S/m. The source is a unit electric
dipole, operating at 1 GHz and polarized by (1, 1, 1). The
rectangular coordinate is used for all cases, and the origin
coincides with the center of the scatterer. The EM scattering
of several typical objects are demonstrated latter. All cases
and COMSOL simulations are performed on a workstation
with 20-cores Xeon E2650 v3 2.3-GHz CPU and 512-GB
RAM.

A. Two-Layered Biaxial Anisotropic Cube

The scatterer is a two-layered cube with the size of 0.4 m ×
0.4 m × 0.4 m, as shown in Fig. 1. Two layers have the same
thickness 0.2 m. And the permittivity tensors and permeability
tensors are

μs1 = μ0

⎡
⎣

2.0 0 0
0 0.75 0
0 0 2.5

⎤
⎦ μs2 = μ0

⎡
⎣

0.7 0 0
0 1.5 0
0 0 3.0

⎤
⎦

(36)

εs1 = ε0

⎡
⎣

0.8 0 0
0 1.6 0
0 0 3.0

⎤
⎦ εs2 = ε0

⎡
⎣

1.5 0 0
0 0.8 0
0 0 3.0

⎤
⎦

(37)

σ s1 = σ s2 =
⎡
⎣

0.01 0 0
0 0.02 0
0 0 0.03

⎤
⎦ S/m. (38)

The source is located at (0, 0,−0.25) m. The receiver array
consists of 40 receivers and is located at the z = 0.25 m
plane. The computation domain has the same size as that
of the scatterer, and two different discretization schemes,
which are 10 points per wavelength (PPW) and 25 PPW, are
chosen to show the performance of the proposed method. The
computation domain is discretized into 403 cells by 10 PPW
with 36.4 thousand unknowns and 1003 cells by 25 PPW
with 6 million unknowns. In the COMSOL simulation model,
the computation domain is 0.6 m × 0.6 m × 0.6 m which
includes the electric dipole source, and the thickness of the
perfect match layers (PMLs) is set as 0.05 m on the periphery
of the computation domain. In order to maintain the COMSOL
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Fig. 1. Geometry of a two-layered cubic scatterer with the dimension of
0.4 m × 0.4 m × 0.4 m.

simulation accuracy, the mesh sizes are set to be “EXTRA
FINE.” The mesh sizes and PML settings are the same for all
the COMSOL simulations presented in this paper. Fig. 2 shows
the comparisons of the total fields inside the anisotropic object
solved by our BCGS-FFT method and COMSOL simulations,
whereas Fig. 3 shows the comparisons of scattered fields at
the receiver array. Here, we only pick 64 uniformly distributed
sampling points inside the anisotropic object for the total field
comparisons. We can see that the x-components of both the
total fields and scattered fields by our BCGS-FFT method
match the COMSOL simulated results well. Other components
also have the same good agreements and are not shown
here. By treating the COMSOL simulated results as reference,
we quantitatively compare our results with the reference. For
the computed total fields, the relative error is 12.8% when
PPW = 10 and decreases to 6.3% when PPW = 25. For
the scattered fields, the relative error is 5.0% when PPW =
10 and decreases to 4.1% when PPW = 25. It is obvious
that the higher accuracy is achieved when PPW is larger.
In this case, the required time of the total calculation process
is 52 s for PPW = 10 and 338 s for PPW = 25. The memory
consumption is 1 GB for PPW = 10 and 10 GB for PPW
= 25. COMSOL requires 2363 s and 86-GB memory on the
same machine.

B. Two-Layered Biaxial Anisotropic Cylinder

In this case, a two-layered concentric cylindrical scatterer is
considered. The geometry of the scatterer is shown in Fig. 4.
It has the inner radius r1 = 0.1 m, the outer radius r2 = 0.2
m, and the height h = 0.4 m. And the permittivity tensors and
permeability tensors are given as

μs1 = μ0

⎡
⎣

1.5 0 0
0 2.0 0
0 0 3.0

⎤
⎦ εs1 = ε0

⎡
⎣

2.0 0 0
0 1.5 0
0 0 3.0

⎤
⎦

(39)

σ s1 =
⎡
⎣

0.02 0 0
0 0.015 0
0 0 0.03

⎤
⎦ S/m (40)

Fig. 2. x-component comparisons of the total fields inside the two-
layered cubic scatterer by the mixed-order BCGS-FFT and COMSOL.
(a) and (b) Real and imaginary parts of the electric fields, respectively.
(c) and (d) Real and imaginary parts of the magnetic fields, respectively.

Fig. 3. x-component comparisons of the scattered fields at receiver array by
the mixed-order BCGS-FFT and COMSOL. (a) and (b) Real and imaginary
parts of the electric fields, respectively. (c) and (d) Real parts and imaginary
parts of the magnetic fields, respectively.

Fig. 4. Geometry of a two-layered concentric cylindrical scatterer with the
radii r1 = 0.1 m and r2 = 0.2 m and the height of h = 0.4 m.

for the internal cylinder, and

μs2 = μ0

⎡
⎣

2.0 0 0
0 1.5 0
0 0 3.0

⎤
⎦ εs2 = ε0

⎡
⎣

1.5 0 0
0 2.0 0
0 0 2.5

⎤
⎦

(41)
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Fig. 5. z-component comparisons of the total fields inside the two-layered
concentric cylindrical scatterer by the mixed-order BCGS-FFT and COMSOL.
(a) and (b) Real and imaginary parts of the electric fields, respectively.
(c) and (d) Real parts and imaginary parts of the magnetic fields, respectively.

σ s2 =
⎡
⎣

0.015 0 0
0 0.02 0
0 0 0.025

⎤
⎦ S/m (42)

for the external cylindrical ring. The computation domains
for both BCGS-FFT method and COMSOL simulation are
the same as those in case 1. We also choose 10 PPW and
25 PPW for our BCGS-FFT solver. By placing a dipole source
at (0,−0.25, 0) m and a receiver array, including 40 receivers,
at the y = 0.25 m plane, we obtain the total fields in the
computation domain and the scattered fields at the receiver
array. The z-component comparisons of the total fields solved
by our BCGS-FFT method and COMSOL simulations are
shown in Fig. 5, and the z-component comparisons of the
scattered fields are shown in Fig. 6. Here, we also only pick
64 uniformly distributed sampling points inside the compu-
tation domain for the total field comparisons. We can see
that the z-component of both the total fields and scattered
fields by our BCGS-FFT method is in agreement with the
COMSOL simulated results. It is obviously discernible from
Figs. 5 and 6 that the accuracy of our BCGS-FFT results is
higher when PPW = 25 than that when PPW = 10 if the
COMSOL simulated results are treated as reference. In this
case, our BCGS-FFT solver takes 62 s for PPW = 10 and
365 s for PPW = 25 for the whole calculation process, and
the memory consumption is 1 GB for PPW = 10 and 11 GB
for PPW = 25. COMSOL requires 3300 s and 93-GB memory
on the same machine.

C. Two-Layered Biaxial Anisotropic Sphere

In the aforementioned two cases, the electrical size of
the object is about 4λ, where λ is the smallest wavelength
inside the anisotropic scatterers. A larger scatterer is proposed
in this case. The object is a two-layered sphere with the
inner radius r1 = 0.2 m and outer radius r2 = 0.4 m,
as shown in Fig. 7. The permittivity tensors and permeability
tensors are the same as (39) and (40) for the inner sphere
object and (41) and (42) for outer sphere shell. Therefore,

Fig. 6. z-component comparisons of the scattered fields at receiver array by
the mixed-order BCGS-FFT and COMSOL. (a) and (b) Real and imaginary
parts of the electric fields, respectively. (c) and (d) Real parts and imaginary
parts of the magnetic fields, respectively.

Fig. 7. Geometry of a two-layered sphere scatterer with the inner radius
r1 = 0.2 m and outer radius r2 = 0.4 m.

Fig. 8. z-component comparisons of the total fields for the two-
layered sphere scatterer by the mixed-order BCGS-FFT and COMSOL.
(a) and (b) Real and imaginary parts of the electric fields, respectively.
(c) and (d) Real parts and imaginary parts of the magnetic fields, respectively.

the electrical size of the scatterer is about 8λ. The dipole
source is placed at (0, 0.45, 0) m, and 40 receivers are placed
in the z = 0 plane uniformly around the sphere object with
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Fig. 9. Comparisons of the scattered field norms varying with the azimuthal
angle φ for the two-layered cubic scatterer by the mixed-order BCGS-FFT and
COMSOL. The transmitter is located at φ = 90◦. (a) Norms of the electric
scattered fields. (b) Norms of the magnetic scattered fields.

the radius 0.5 m. The computation domain is a 0.8-m3 cube,
and it is discretized into 803 cells by 10 PPW and 1603 cells
by 20 PPW for the BCGS-FFT method, respectively. There
are 3.072 million unknowns and 24.576 million unknowns for
these two different discretization schemes. The computation
domain of the COMSOL model is set as 1.1 m × 1.1 m ×
1.0 m. The “User-controlled” option is used for the mesh
size setting, and there are about 40.64 million unknowns.
Fig. 8 shows z-component comparisons of total fields inside
computation domain solved by our BCGS-FFT method and
COMSOL simulations. Here, only 64 uniformly distributed
sampling points inside the computation domain are picked for
the total field comparisons. Obviously, the matching between
our BCGS-FFT results and the COMSOL simulations is better
when PPW = 20 than that when PPW = 10. Other components
have similar agreements and are not shown here. The better
performance for PPW = 20 of our BCGS-FFT method is
further illustrated by the comparisons of the norms of scattered
fields at the 40 receivers varying with the azimuthal angle φ,
as shown in Fig. 9. The scattered fields are the strongest at the
location φ = 0 but weak near the transmitter or in its opposite
side. This may be related to the source polarization and the
two-layered sphere scattering. For the BCGS-FFT method,
the total computation time is 398 s for PPW = 10 and 2998 s
for PPW = 25. The memory consumption is 6.4 GB when
PPW = 10 and 48 GB when PPW = 25. COMSOL requires
15 397 s and 380-GB memory on the same machine.

D. Optical Axis of the Scatterer Not Aligned With That of
the Background Medium

In the aforementioned three cases, the principal axes of the
magnetodielectric objects are aligned with the optical axis
of the background medium, i.e., in the z-direction, in our
computation. In this case, we suppose that the principal

Fig. 10. Geometry of a cubic scatterer with the dimension of 0.2 m ×
0.2 m × 0.2 m. The optical axis of the scatterer is not aligned with that of
the background medium.

axis of the magnetodielectric object and the optical axis of
the background medium are not aligned. It is assumed the
optical axis of the object is in an arbitrary direction and
can be aligned with that of the background medium after
following three successive Euler rotations. The rotation angles
are denoted as α, β, and γ , respectively. According to Euler’s
rotation theorem [46], the diagonal tensor of the object can
be transformed into a new full tensor in the coordinate of the
background medium by the Euler rotation matrix R(α, β, γ ).
The rotation equation can be written as

η
′
s = R(α, β, γ )ηs RT (α, β, γ ) (43)

where η = μ, ε, σ . η
′
s is the full tensor after Euler’s rotation,

whereas ηs is the diagonal tensor before the rotation. The
subscript s represents the scatterer and the superscript T means
the matrix transpose. The expression of the matrix R is given
in Appendix B. In this case, we suppose the scatterer is a
cube with the size of 0.2 m × 0.2 m × 0.2 m, as shown
in Fig. 10. The permeability tensor, the permittivity tensor,
and the conductivity tensor in the scatterer coordinates are

μs = μ0

⎡
⎣

2.0 0 0
0 1.5 0
0 0 3.0

⎤
⎦ εs = ε0

⎡
⎣

1.5 0 0
0 2.0 0
0 0 3.0

⎤
⎦

(44)

σ s =
⎡
⎣

0.02 0 0
0 0.01 0
0 0 0.02

⎤
⎦ S/m. (45)

We assume that the optical axis of the scatterer is aligned
with that of the background medium after the Euler’s rota-
tion for α = 45◦, β = 30◦, and γ = 60◦, respectively.
By substituting these angle values, (44), and (45) into (43),
we obtain the new full magnetodielectric tensor that is applied
to calculate the total field by our BCGS-FFT algorithm. The
source is located at (0, 0,−0.15) m. The computation domain
has the same size as that of the scatterer. 10 PPW and
25 PPW are chosen to show the performance of our BCGS-
FFT solver. The computation domain is discretized into 203

cells by 10 PPW and 503 cells by 25 PPW. In the COMSOL
simulation model, the computation domain is 0.6 m × 0.6 m ×
0.6 m which includes the electric dipole source, and the
thickness of the PML is set as 0.1 m on the periphery of
the computation domain. Fig. 11 shows the comparisons of
the total fields inside the anisotropic object solved by our
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Fig. 11. x-component comparisons of the total fields inside the cubic
scatterer by the mixed-order BCGS-FFT and COMSOL. The optical axis
of the scatterer is not aligned with that of the background medium.
(a) and (b) Real and imaginary parts of the electric fields, respectively.
(c) and (d) Real and imaginary parts of the magnetic fields, respectively.

BCGS-FFT method and COMSOL simulations. We can see
that the x-components of the total fields by our BCGS-
FFT solver match the COMSOL simulated results well when
PPW = 25. Other components also have the same good
agreement but not shown here. In this case, the required time
of the total calculation process is 18 s for PPW = 10 and
61 s for PPW = 25. The memory consumption is 200 MB for
PPW = 10 and 1.8 GB for PPW = 25. COMSOL requires
1942 s and 105-GB memory on the same machine.

IV. CONCLUSION

In this paper, the BCGS-FFT algorithm is used to solve
the discretized CFVIE formulated for the EM scattering of
magnetodielectric objects embedded in a uniaxial background
medium. The mixed-order as well as different types of basis
functions are employed to expand flux densities and vector
potentials in the CFVIE. The first-order volumetric rooftop
basis functions are used for the flux densities to preserve the
flux continuity in the element interface. The use of second-
order curl conforming basis functions for the vector potentials
can weaken the singularity of the CFVIE efficiently.

The performance of the proposed algorithm is validated by
four numerical cases. Compared with the commercial software
COMSOL, our BCGS-FFT algorithm is more than five times
faster but consumes less than one-eighth memory. High com-
putation accuracy is also validated by the comparisons between
our BCGS-FFT numerical results and COMSOL simulations,
and it is clear that higher accuracy is achieved by denser
discretization scheme. The precise computed total fields and
scattered fields for different shapes of the scatterers indicate
that our method is suitable for scatterers with arbitrary shapes.
Meanwhile, it is verified that the proposed VIE solver can
handle scattering of anisotropic objects with large electrical

sizes and arbitrary optical axes rotation embedded in uniaxial
anisotropic media.

APPENDIX A

The expression of GEJ is given as [44]

GEJ(r, r′) = 1

jωεxb

[∇∇ + k2
xbεzbε

−1]
ge(r, r′)

+ jωμxb F(r, r′) (46)

where

F(r, r′) =
(

εzb

εxb
ge− μzb

μxb
gm

)
f1(r, r′)

+ rege − rm gm

jkxbρ2 f2(r, r′)

(47)

ge(r, r′) = e− j kxbre

4πre
re =

√
εzb

εxb
ρ2 + (z − z′)2 (48)

gm(r, r′) = e− j kxbrm

4πrm
rm =

√
μzb

μxb
ρ2 + (z − z′)2 (49)

kxb =
√

ω2εxbμxb (50)

ρ =
√

(x − x ′)2 + (y − y ′)2 (51)

f1(r, r′) = 1

ρ2

⎡
⎣

(y − y ′)2 −(x − x ′)(y − y ′) 0
−(x − x ′)(y − y ′) (x − x ′)2 0

0 0 0

⎤
⎦

(52)

f2(r, r′) = 1

ρ2

×
⎡
⎣

(x −x ′)2−(y−y ′)2 2(x −x ′)(y−y ′) 0
2(x −x ′)(y−y ′) (y−y ′)2−(x −x ′)2 0

0 0 0

⎤
⎦.

(53)

The expression of GHJ is given as [44]

GHJ(r, r′) = (z − z′)(ge − gm)

ρ2 f3(r, r′)

− (1 + jkxbrm)
μzbgm

μxbr2
m

f4(r, r′)

+ (1 + jkxbre)
εzbge

εxbr2
e

f T
4 (r, r′) (54)

where the superscript T means the matrix transpose, and

f3(r, r′)

=
⎡
⎣

2(x − x ′)(y − y ′) (y − y ′)2 − (x − x ′)2 0
(y − y ′)2 − (x − x ′)2 −2(x − x ′)(y − y ′) 0

0 0 0

⎤
⎦ (55)

f4(r, r′)

=

⎡
⎢⎢⎢⎢⎣

(x − x ′)(y − y ′)(z − z′)
ρ2

−(x − x ′)2(z − z′)
ρ2 0

(y − y ′)2(z − z′)
ρ2 − (x − x ′)(y − y ′)(z − z′)

ρ2 0

−(y − y ′) (x − x ′) 0

⎤
⎥⎥⎥⎥⎦

.

(56)
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APPENDIX B

The expression for R(α, β, γ ) is given as

R(α, β, γ ) = R(z, α)R(y, β, )R(z, γ ) (57)

where R(z, α) means the rotation of an object by the angle α
around the z-axis, R(y, β) means the rotation of an object
by the angle β around the y-axis, and R(z, γ ) means the
rotation of an object by the angle γ around the z-axis. Their
expressions are given as

R(z, α) =
⎡
⎣

cos α − sin α 0
sin α cos α 0

0 0 1

⎤
⎦ (58)

R(y, β) =
⎡
⎣

cos β 0 sin α
0 1 0

− sin α 0 cos β

⎤
⎦ (59)

R(z, γ ) =
⎡
⎣

cos γ − sin γ 0
sin γ cos γ 0

0 0 1

⎤
⎦. (60)
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